
6966 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 70, NO. 10, OCTOBER 2022

Phase Shift-Free Passive Beamforming for
Reconfigurable Intelligent Surfaces

Aymen Khaleel , Graduate Student Member, IEEE, and Ertugrul Basar , Senior Member, IEEE

Abstract— Reconfigurable intelligent surface (RIS)-assisted1

communications recently appeared as a game-changing tech-2

nology for next-generation wireless communications due to its3

unprecedented ability to reform the propagation environment.4

One of the main aspects of using RISs is the exploitation5

of the so-called passive beamforming (PB), which is carried6

out by adjusting the reflection coefficients (mainly the phase7

shifts) of the individual RIS elements. However, practically,8

this individual phase shift adjustment is associated with many9

issues in hardware implementation, limiting the RIS achievable10

gain. In this paper, we propose a low-cost, phase shift-free and11

novel PB scheme by only optimizing the on/off states of the12

RIS elements while fixing their phase shifts. The proposed PB13

scheme is shown to achieve the same scaling law (quadratic14

growth with the RIS size) for the signal-to-noise ratio as in the15

classical phase shift-based PB scheme, yet, with far less sensitivity16

to spatial correlation and phase errors. We provide a unified17

mathematical analysis that characterizes the performance of the18

proposed PB scheme and obtain the outage probability for the19

considered RIS-assisted system. Based on the provided computer20

simulations, the proposed PB scheme is shown to have a clear21

superiority over the classical one under different performance22

metrics.23

Index Terms— Reconfigurable intelligent surfaces, passive24

beamforming, outage probability, ergodic rate.25

I. INTRODUCTION26

RECONFIGURABLE intelligent surface (RIS)-based27

communications has recently emerged as a promising28

technology for beyond fifth-generation (5G) wireless networks29

due to its unprecedented capabilities to reform the communica-30

tion environment [1]. RISs contain an array of passive and low-31

cost elements, where each element can reflect (and modify) or32

fully absorb the electromagnetic waves impinging its surface.33

Due to their unique properties, the RIS literature has consid-34

ered the integration of RISs almost to all existing wireless35

communication systems, making this emerging technology a36

potential game-changing factor for next-generation wireless37

communications systems. For example, in [1], an RIS is used38

to achieve an ultra-reliable wireless communication system,39

while in [2], an RIS is used along with index modulation to40
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boost the data rate. RISs can also be used to replace (reduce) 41

some of the RF chains as in [3] and [4], where the modulation 42

process is moved from the transmitter to the RIS side. Further- 43

more, in [5] and [6], the authors used, respectively, the RIS 44

and the simultaneous transmitting and reflecting intelligent 45

surface (STAR-RIS), to assist non-orthogonal-multiple-access 46

(NOMA) networks through novel partitioning schemes. 47

A. Related Works 48

1) Studies on Phase Shift-Based PB Schemes 49

In RIS-assisted systems, the PB design is achieved by inde- 50

pendently adjusting the reflection coefficient associated with 51

each RIS element to align the reflected signals in a particular 52

direction. This can be achieved, for example, by using a 53

tunable impedance that can be continuously adjusted through 54

mixed-signal integrated circuits (ICs) [7] or multilayer surface 55

design [8]. In vast majority of RIS-assisted systems discussed 56

in the literature, the adopted classical PB design fixes the 57

reflection amplitude to unity (to achieve full reflection power) 58

and adjusts only the phase shift associated with each RIS 59

element. The main practical issues related to the classical 60

phase shift-based PB design are discussed next from the 61

hardware implementation perspective. 62

It is possible, yet, practically challenging to adjust the 63

phase of each RIS element continuously as this requires a 64

sophisticated and expensive hardware design and more control 65

pins connected to each element [9], which overrides the 66

essential features of RISs to be a low-cost and easy-to-deploy 67

solution. Therefore, a discrete phase shift design is considered 68

at implementation, where each RIS element is connected 69

to multiple positive-intrinsic-negative (PIN) diodes, and the 70

combinations of the on/off states (through control signals) of 71

these diodes produce the different required phase shifts [10]. 72

However, since RISs are envisioned to be deployed with a 73

large number (could reach thousands) of elements [4], [11], 74

having multiple control lines for each RIS element to achieve 75

multiple phase shift levels is still a practical issue as it may 76

cause configuration overhead. A common approach to solve 77

this issue is to partition the RIS into multiple sub-surfaces, 78

where a common phase shift can be applied to all the elements 79

within the sub-surface to reduce the overall needed number of 80

control lines [12], [13], at the expense of some degradation in 81

the PB performance. Another issue is the phase shift sensitivity 82

to the incident wave’s angle, where it is reported in [4] 83

and [14] that this problem is inherent in the RIS design and can 84

break the channel reciprocity of wireless RIS-assisted systems. 85

Furthermore, the classical phase shift model adopted in most 86

of the literature assumes the independent adjustment of the 87

amplitude and phase reflection coefficients. However, based on 88
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the real implementation in [15] and the mathematical modeling89

in [16], this assumption does not hold practically, and there are90

always amplitude-phase-dependent variations. In particular,91

the authors in [16] showed that applying the classical phase92

shift design and ignoring the amplitude dependency may lead93

to a 5 dB performance loss compared to the ideal case with94

no amplitude-phase dependency. Likewise, in studies of [17],95

[18], [19], it is shown that the amplitude is both phase and96

frequency-dependent, which necessitates a special phase shift97

design to capture the correlation between all these variables.98

In order to mitigate the impact of the reflection amplitude-99

phase correlation, the authors in [20] proposed a heuristic100

phase-shift-adjustment algorithm to trade off the phase align-101

ment against the amplitude reflection loss. In the same context,102

the mutual coupling between RIS elements [21] is another103

critical issue that affects the phase shift adjustment accuracy104

and performance. In particular, it is shown in [22] that the105

actual capacitance, and consequently the phase shift of each106

RIS element is 45% determined by its intended capacitance107

and 55% by the capacitance of the neighboring element.108

In [23] and [24], it is shown that the classical PB strategy,109

where the channel phases are all aligned to a particular110

direction, is not always the best one when considering practical111

system settings such as spatial correlation and phase errors.112

In particular, the authors in [24] show that the classical PB113

under the spatial correlation between RIS elements leads to114

performance degradation for the information transfer, while115

it is preferable for energy harvesting. Considering the phase116

errors, the authors in [23] showed that a blind PB scenario117

occurs when using classical PB, particularly under high (uni-118

form) phase error levels.119

2) Studies on Reflection Amplitude-Based PB Schemes120

In [16] and [17], RIS phase shifts are optimized by consid-121

ering the phase-amplitude and frequency-amplitude dependent122

variations, respectively, while in [18] are both phase and123

frequency-dependent amplitude variations considered. In [11],124

the authors perform PB by only turning on/off each element125

using a majority voting algorithm based on the received signal126

strength indicator (RSSI) measurements. In [25], the authors127

considered an RIS architecture where a fixed arbitrary phase128

shift is assigned to each element at the manufacturing stage,129

while the PB is carried out by jointly optimizing the on/off130

states of the individual elements. In [26], the authors design131

their PB vector by optimizing both the amplitude and phase132

reflection coefficients. Finally, in [27] and [28], each element133

is allowed to have on/off states that are jointly optimized with134

the phase shifts to obtain the PB vector.135

B. Motivation and Contributions136

In light of the earlier discussions on hardware implemen-137

tation and system performance issues associated with the138

classical phase shift-based PB, we propose a low-complexity139

phase shift-free novel PB scheme for RISs. In the proposed140

PB scheme, to achieve full reflection power [15], [16], the RIS141

elements are assumed to be designed with a common and fixed142

phase shift (π). Thus, to perform PB, we utilize the channel143

state information (CSI) of the RIS elements to activate only the144

elements enhancing the constructive combining effect of the145

reflected signals. Note that the proposed PB scheme is different 146

than that of [25], which still suffers from arbitrary amplitude 147

reflection loss due to the phase-amplitude dependent varia- 148

tions [16]. Furthermore, unlike our proposed PB scheme, [11] 149

depends on the changes in the RSSI measurements to turn 150

on/off the individual elements; however, it is challenging to 151

track these changes on the level of a single element. Moreover, 152

even when turning on/off a group of elements, the changes 153

in the RSSI measurements cannot be tracked accurately due 154

to the incoherent interference of the signals reflected from 155

these elements. In addition, unlike the statistical CSI-based 156

phase shift design methods [29], our proposed PB scheme 157

is not meant to reduce the channel overhead but instead, 158

aims to overcome the practical issues related to the classical 159

continuous phase shift-based PB. The main contributions of 160

this paper can be listed as follows: 161

• We propose a low-complexity, phase shift-free and novel 162

PB scheme to avoid hardware implementation and sys- 163

tem performance degradation issues associated with the 164

classical phase shift-based PB [9], [12], [13], [14], [15], 165

[16], [17], [18], [19], [21], [22], [23], [24]. 166

• We provide a unified mathematical analysis that char- 167

acterizes the performance of the proposed PB scheme. 168

First, we derive the asymptotic activation probability 169

associated with each RIS element. Second, the lower 170

bound for the average number of activated RIS elements 171

is obtained. Third, we obtain lower and upper bounds 172

for the probability of activating a certain number of RIS 173

elements at each transmission. Forth, we show that the 174

proposed scheme provides the same scaling law for the 175

signal-to-noise ratio (SNR) as in the classical phase shift- 176

based PB, where the SNR grows quadratically with the 177

RIS size. This is achieved with a complexity level that is 178

linear in the RIS size. 179

• We characterize the performance of the proposed RIS- 180

assisted system by obtaining its outage probability and a 181

tight upper bound to the ergodic rate. 182

• Under spatial correlation and phase errors, we provide 183

comprehensive computer simulations to reveal the supe- 184

riority of the proposed scheme over the two considered 185

benchmark schemes [16] [20] in terms of the outage 186

probability and ergodic rate performance. 187

The rest of the paper is organized as follows. In Section II, 188

we describe the system model and explain the concept of the 189

proposed PB scheme. In Section III, we provide the mathe- 190

matical analysis and performance evaluation of the proposed 191

PB scheme. Computer simulations are given in Section V and 192

the paper is concluded in Section VI. 193

II. PHASE SHIFT-FREE PB: SYSTEM MODEL 194

Consider a downlink single-input single-output (SISO) sys- 195

tem with anN -element reconfigurable intelligent surface (RIS) 196

deployed close to the source (S), providing an alternative 197

communication link to the blocked S-Destination (D) one, 198

as shown in Fig. 1(a). Let ηn and θn denote the reflection 199

amplitude and phase of the nth element, respectively, thus; 200

the received signal at D is given as 201

y =
√
PL
∑

N
n=1hnηne

jθngnx+ v, (1) 202
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Fig. 1. (a) RIS-assisted SISO communications system, (b) channel coeffi-
cients as 2D vectors (amplitudes and phases) in polar coordinates.

where P and x are the transmitted signal and power, respec-203

tively, L = L(S)L(D), L(S) and L(D) being the S-RIS and204

RIS-D path gains. hn = αne
−jφn and gn = βne

−jψn are205

the S-RIS (nth element) and RIS (nth element)-D channel206

coefficients, where (αn, φn) and (βn, ψn) are the phase and207

amplitude pairs of hn and gn, respectively. hn and gn are208

assumed to be mutually independent and identically distrib-209

uted (i.i.d.) random variables (RVs), in particular, hn, gn ∼210

CN (0, 1), where CN (0, σ2) stands for complex Gaussian211

distribution with zero mean and σ2 variance. v is the additive212

white Gaussian noise (AWGN) sample at D, v ∼ CN (0, σ2).213

By considering a practical RIS design (under the narrowband214

signal assumption), for the nth RIS element, the amplitude ηn215

and phase θn reflection coefficients are correlated such that1216

[16]217

ηn(θn) = (1 − amin)
(

sin(θn − bhrz) + 1
2

)cstp

+ amin, (2)218

where amin ≥ 0, bhrz ≥ 0, and cstp ≥ 0 are the constants219

related to the specific circuit implementation. amin is the220

minimum amplitude, bhrz is the horizontal distance between221

−π/2 and amin, and cstp controls the steepness of the function222

curve 2 [16]. In particular, we consider the RIS design in [15],223

which is also considered in [20], where we have amin =224

0.2, bhrz = 0.43π, and cstp = 1.6.225

In the classical PB design, in order to maximize the SNR226

at D, the RIS phase shifts are adjusted such that θn =227

−(φn + ψn) + en, where en is the residual phase error, and228

it is assumed to have mutually i.i.d. instances. Note that en229

exists due to the phase estimation errors and/or quantization230

errors when producing the set of discrete phase shifts [23],231

[31], [32]. In particular, en is assumed to have Von Mises232

distribution with a zero mean and a concentration parameter233

κ [33]. On the other side, in the proposed scheme, we avoid234

all of the aforementioned problems by applying a fixed phase235

shift to all elements at the manufacturing stage of the RIS.236

Specifically, we apply a phase shift of π for all elements237

(θn = π, ∀n); hence, we guarantee the full reflection of the238

1Note that the circuit model in [16] is verified with the experimental results
reported in [15] and [30]. Furthermore, (2) is also adopted in [20], and it
is applicable to many of the semiconductor devices usually used to build
RISs [16]. Finally, an amplitude-phase-frequency correlation formulas similar
to (2) are provided in [18].

2Note that when amin = 1 (or cstp = 0), we obtain the ideal case
of the phase shift model with full reflection and independent phase and
amplitude adjustment. Practically, these parameters are determined at the RIS
manufacturing stage, and then, these parameters can be obtained by a standard
curve fitting tool.

incident waves [15], [16]. In this way, in order to maximize 239

the SNR, the on/off states of the individual RIS elements 240

need to be jointly optimized to reach the best pattern that 241

enhances the constructive combining of the signals received 242

at D. It is not difficult to see that this optimization problem 243

is of the non-convex combinatorial (binary) types which is 244

a non-deterministic polynomial-time (NP) hard problem if 245

we considered the exhaustive search solution [34]. Therefore, 246

as follows, we propose a sub-optimal solution to find the 247

on/off states pattern of the RIS elements that maximizes the 248

SNR at D. 249

In order to get an intuitive insight, we approach the problem 250

from a geometrical perspective. More specifically, the S-RIS-D 251

channel coefficients are complex numbers that can be repre- 252

sented as two-dimensional (2D) vectors in the complex plane, 253

where the real and imaginary parts are the first and second 254

dimensions, respectively. To obtain a geometrical insight, 255

we represent the 2D vectors in polar coordinates as shown in 256

Fig. 1(b), where the length and angle of each vector correspond 257

to the channel amplitude and the phase shift between the 258

real and imaginary parts, respectively. Thus, finding the set 259

of vectors that have the maximum length of the resultant 260

vector associated with their sum is equivalent to finding the 261

on/off state’s pattern that maximizes the SNR at D. Therefore, 262

we propose Algorithm 1 to find the aforementioned desired 263

set of vectors, as follows. In Algorithm 1, at the first stage, 264

we find the dominant direction (θ∗) where most of the vectors 265

are pointing towards it. Next, we consider only the vectors 266

lie within the span of ±π
2 from the dominant direction and 267

activate (ηn = 1) the RIS elements associated with them, see 268

Fig. 1(b). At the second stage, we seek any vector within the 269

ones excluded at the first stage that can increase the overall 270

sum obtained before. From (1), the instantaneous SNR is 271

given by 272

SNR =

∣∣∣√PL∑N
n=1hnηne

jθngn

∣∣∣2
σ2

273

(a)
=

∣∣∣√PL∑Na

n∗=1 hn∗gn∗

∣∣∣2
σ2

, 274

= LρH̄ (3) 275

where ρ = P
σ2 is the transmit SNR, H̄ = |∑Na

n∗=1 hn∗gn∗ |2. 276

Furthermore, we obtain (a) by applying Algorithm 1, in par- 277

ticular, we set θn = π, ∀n, where n∗ ∈ R∗ denotes the 278

index of the activated RIS element and Na = |R∗| is the 279

total number of the activated elements. Here, |R∗| denotes 280

the set cardinality. In what follows, we provide the steps of 281

Algorithm 1 and give useful insights into its performance. 282

III. MATHEMATICAL ANALYSIS AND PERFORMANCE 283

EVALUATION OF PHASE SHIFT-FREE PB 284

In this section, we characterize the performance of the pro- 285

posed PB scheme by deriving the probabilities associated with 286

the activation of each RIS element, the minimum number of 287

activated elements at each transmission, the outage probability, 288

and ergodic rate. Finally, we derive the scaling law associated 289

with the growth of the SNR in proportion to N . Note that, 290

in the following analyses, we assume no phase errors (en = 0), 291

and we consider it later in our computer simulations. 292
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Algorithm 1 Phase Shift-Free PB
Require: hn, gn, ∀n.
1: Initialization: Γ = diag(η1, . . . , ηN ), ηn = 0, ∀n.
2: Obtaining the dominant direction: θ∗ = arg(

∑N
n=1 hngn).

3: Specifying the endpoints of the activation region: c1 =
θ∗ − π

2 , c2 = θ∗ + π
2 .

4: Let R∗ = {∅}, Zn = arg(hngn), and Π(s) be the function
that maps the value of s to the natural range of an angle,
[0, 2π), as defined in (8).

5: for n = 1 : N do
6: if Π(c1) ≤ Π(Zn) ≤ Π(c2) then
7: ηn = 1.
8: R∗ = R∗ ∪ {n}.
9: end if

10: end for
11: Update the entries of Γ according to the above loop, and let

h = [h1, . . . , hn, . . . , hN ] and g = [g1, . . . , gn, . . . , gN ]T ,
where (·)T is the transpose operator.

12: Construct the new set R̃ = {1, . . . , N} \ R∗.
13: for m = 1 : |R̃| do
14: n = R̃(m).
15: if |hΓg + hnηngn| > |hΓg| then
16: ηn = 1.
17: R∗ = R∗ ∪ {n}.
18: end if
19: end for
20: return η1, . . . , ηN .

Lemma 1: The direction of the 2D vector associated with293

the nth S-RIS-D channel coefficient can be characterized by294

the random angle Zn = arg(hngn), which follows the triangle295

distribution with the following probability density function296

(PDF):297

fZn(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

z + 2π
4π2

, −2π ≤ z < 0
−z + 2π

4π2
, 0 ≤ z < 2π

0, otherwise.

298

(4)299

Proof: Note that φn and ψn are associated with the circu-300

lar complex Gaussian (CCG) RVs hn and gn, respectively,301

therefore we obtain φn, ψn ∼ U(−π, π) with fφn(z) =302

fψn(z) = 1
2π , where U(a, b) denotes the uniform distribution303

over the interval [a, b]. Due to the independence of φn and304

ψn, the PDF of Zn = arg(hngn) = φn +ψn can be found as305

follows:306

fZn(z) = (fφn ∗ fψn)(z) =
∫ ∞

−∞
fφn(τ)fψn(z − τ)dτ . (5)307

Note that (5) corresponds to the convolution of a rectangular308

pulse with itself, which results in a triangular pulse over the309

interval [−2π, 2π] as in (4).310

Lemma 1 shows that the direction (phase) associated with311

the S-RIS-D channel is concentrated around phase zero, for312

any given RIS element. In general, the S-RIS-D channel’s313

phase is directly determined by the distribution of S-RIS and314

RIS-D channels.315

Lemma 2: The dominant direction can be characterized as 316

a random angle θ∗ which, asymptotically, converges to the 317

uniform distribution, that is, θ
d−→ U(−π, π) as N → ∞. 318

Proof: The dominant direction can be found by obtaining 319

the resultant vector of the sum of all the channels’ coefficients 320

(2D vectors) and then obtaining the angle associated with it. 321

In light of Lemma 1, we obtain 322

θ∗ = arg

(
N∑
n=1

wne
jZn

)
, (6) 323

where, wn = |hngn|, and the product hngn is the overall 324

S-RIS-D channel. It can be seen that θ∗ in (6) corresponds 325

to the angle associated with a sum of N weighted 2D unit 326

vectors. Furthermore, irrespective of the distribution of wn and 327

Zn, according to the central limit theorem (CLT), the sum 328

in (6) converges to the CCG distribution,
∑N
n=1 wne

jZn ∼ 329

CN (0, N), as N → ∞. Consequently, due to the circular 330

complex property of the sum, its argument is uniformly 331

distributed, θ∗ ∈ U(−π, π), which completes the proof. 332

The result obtained in Lemma 2 shows that when a large 333

RIS is considered, the dominant direction tends to be equally 334

likely in any direction. However, with a small RIS size, the 335

dominant direction directly depends on the wights (channels’ 336

amplitudes) associated with their corresponding phases. 337

Lemma 3: Asymptotically, θ∗, Z1, . . . , Zn, . . . , ZN can be 338

assumed to be pairwise (but not mutually) independent RVs. 339

Proof: See Appendix A. 340

Lemma 3 shows that as the number of RIS elements increases, 341

the dominant direction is determined by the overall contribu- 342

tion of all the individual directions and not by a given single 343

direction (Zn). 344

In what follows, we use the results obtained in Lemmas 1-3 345

to derive the activation probability in Proposition 1. Note that, 346

activating and deactivating the nth RIS elements equivalent 347

to set its amplitude reflection coefficient as ηn = 1 and 348

ηn = 0, respectively. Furthermore, the activation probability 349

in Proposition 1 is derived for the first stage of Algorithm 1 350

(Steps 5-10), where it is challenging to derive it for the 351

second stage (Steps 13-19) due to the complex distribution of 352

hΓg, as will be discussed later in the proof of Proposition 3. 353

Therefore, the obtained activation probability serves as a 354

lower bound. Also, note that the following results on the RIS 355

elements activation process might be important for the engi- 356

neering design. In particular, the knowledge of the statistics of 357

the activated/deactivated RIS elements gives useful insight on 358

the electromagnetic wave interference (EMI) [39] associated 359

with the RIS as a whole and the power dissipation/harvesting 360

in autonomous RISs [40]. 361

Proposition 1: The probability of activating the nth RIS 362

element (according to Algorithm 1) can be lower-bounded as 363

Pa = P (Π(Zn) ∈ R) ≥ 1
2
, ∀n, (7) 364

where the lower bound is achieved as N → ∞. Here, R is 365

the activation (valid) region and Π(s) is the function given by 366

Π(s) =

⎧⎪⎨
⎪⎩
s, 0 ≤ s ≤ 2π
s+ 2π, s < 0
s− 2π, s > 2π.

(8) 367
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Here, Π(s) maps the value of s to the natural range of an368

angle, [0, 2π).369

Proof: See Appendix B.370

Asymptotically, Proposition 1 shows that the probability of371

activating or deactivating any element is equally likely when372

the RIS has a large size. This result coincides with Lemma 2,373

where, when the RIS size is large, the activation region (semi-374

circle) has an equally likely probability of being in any direc-375

tion. Furthermore, for a finite N , the activation probability is376

always higher than 0.5. Finally, note that the obtained lower377

bound of Pa is still valid under the assumption of spatial378

correlation between RIS elements, which can be explained as379

follows. If the RIS elements are spatially correlated, which is380

practically true, the S-RIS-D channel coefficients (2D vectors)381

are more concentrated in a specific direction (angle), which382

increases the number of vectors within the activation window,383

Na, and thus, we obtain a higher activation probability Pa.384

Corollary 1: The average number of activated RIS elements385

can be lower-bounded as386

E[Na] ≥ N

2
, (9)387

where E[·] is the expectation operator and the lower bound is388

achieved as N → ∞.389

Proof: The proof follows directly from Proposition 1,390

where E[Na] = E
[∑N

n=1 ηn

]
=
∑N

n=1 Pn = NPa ≥ N
2 .391

392

The result provided in Corollary 1 can be explained as393

follows. When the number of RIS elements is relatively small,394

the 2D vectors associated with these elements are more likely395

to be concentrated within a specific beam, which increases the396

activation probability above 0.5 and consequently, E[Na] > N
2 .397

However, as the RIS size increases, the semi-circle activation398

region can be in any direction (Lemma 2) and the activa-399

tion probability converges to 0.5 (Proposition 1), therefore,400

E[Na] → N
2 .401

Corollary 2: The RVs η1, . . . , ηn, . . . , ηN are pairwise402

independent, but not m-wise independent for 2 < m ≤ N .403

Proof: We show that η1, . . . , ηn, . . . , ηN are pairwise404

independent RVs by showing that their probability mass405

functions (PMFs), for any given pair of elements n and ñ,406

are independent, P (ηñ = 1|ηn = 1) = P (ηñ = 1), where407

n, ñ ∈ {1, . . . , N}, and n 
= ñ. Note that the activation408

probability of the nth element is the PMF of ηn.409

Consider the activation region R specified by the endpoints410

[Π(c1),Π(c2)], where, without loss of generality, we have411

Π(c1) ≤ Π(c2), as described in the proof of Proposition 1.412

Therefore, the activation of the nth element (ηn = 1) cor-413

responds to Π(c1) ≤ Π(Zn) ≤ Π(c2), however; as it can414

be seen from the proof of Proposition 1 (Fig. 9), giving this415

information does not change the activation region R for the416

ñth element as Π(c1) and Π(c2) are separated by π/2 and,417

therefore, they still span the entire circle. This shows that the418

activation probabilities (PMF of ηn) for any pair of elements419

n and ñ are independent and we have that ηn and ηñ are420

independent RVs, ∀n, ñ ∈ {1, . . . , N}. However, we show421

that these RVs are not m-wise independent for 2 < m ≤ N ,422

as follows. Consider, without loss of generality, the non-zero423

probability event where two elements are activated, for exam-424

ple η1 = η2 = 1, with Π(Z1) ≤ Π(Z2). Consequently, it can425

be readily seen that given η1 = η2 = 1 changes the activation 426

region R for the ñth element as the endpoints Π(c1) and 427

Π(c2) do not span the entire circle anymore; more specifically, 428

the endpoints cannot span the interval [Π(Z1),Π(Z2)]. This 429

shows that P (ηñ = 1|η1 = η2 = 1) 
= P (ηñ = 1), thus, 430

η1, η2, and ηñ are non-independent RVs. Consequently, the 431

RVs η1, . . . , ηN are not triple-wise independent, thus, not 432

m-wise independent for 2 < m ≤ N . 433

Corollary 2 shows that the activation probabilities of any 434

two given elements are independent. However, the activation 435

probabilities for N > 2 elements are dependent. The result 436

given in Corollary 2 is necessary for the next proposition, 437

where we propose a new physical resources-based outage 438

probability (ROP) metric. The ROP metric is defined to be 439

the probability that the number of activated RIS elements at 440

each transmission is less than a predefined threshold (Nthr), 441

ROP = P (Na ≤ Nthr). 442

Proposition 2: For a given Nthr, we have ROPL ≤ ROP ≤ 443

ROPU , where the lower and upper bounds can be given, 444

respectively, as 445

ROPL = 1 − U, (10) 446

where, 447

U =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, Nthr < N̄Pa

(N̄ P̄a +Nthr)Pa/Nthr,
N̄Pa ≤ Nthr ≤ 1 + N̄Pa

NN̄P 2
a + (ζ − 1)(ζ − 2NPa)

(Nthr − ζ)2 + (Nthr − ζ)
,

Nthr ≥ 1 + N̄Pa

ζ = �NPa(Nthr − 1 − N̄Pa)
Nthr −NPa

�,

(11) 448

ROPU =
Nthr∑
i=0

(
N

i

)
P ia(1 − Pa)N−i, (12) 449

where N̄ = N − 1, P̄a = 1 − Pa, �·� denotes the ceiling 450

function, and U corresponds to the upper bound probability 451

of Na exceeding Nthr. 452

Proof: Note that, from Corollary 2, Na =
∑N
n=1 ηn 453

corresponds to a sum of pairwise independent Bernoulli RVs. 454

Therefore, for ROPL, U corresponds to the probability of the 455

sum of pairwise independent Bernoulli RVs (Na) to exceed 456

an integer threshold (Nthr), where the proof for U is given in 457

[35, Th. 4.1]. 458

The upper bound ROPU is found by approximating Na to 459

the Binomial distribution, as follows. Note that the sum of 460

pairwise independent Bernoulli RVs can be approximated to 461

the mutually independent case (Binomial distribution) with 462

a total variation distance of 1 − 1/e, as N → ∞ [36]. 463

Furthermore, it is worth noting that the approximation to 464

the mutual independence case corresponds to the minimum 465

activation probability, where the dominant direction θ∗ is not 466

a function of the individual directions Zn anymore. In light of 467

these, the approximation of Na to the Binomial distribution 468

serves as a lower bound for Na and, therefore, its CDF given 469

in (12) serves as the upper bound for ROP. 470

In order to get useful insight from Proposition 2, we use 471

Hoeffding’s inequality (in light of (12)), P (Na − E[Na] ≥ 472

c) ≤ e−2 c2
N , for c ≥ 0, which shows that the number of 473
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Fig. 2. (a) Fitting the distribution of H̄ to the log-normal distribution and
(b) the quadratic scaling law of the channel gain H̄ .

activated RIS elements is concentrated around its mean value474

(N/2) and thus, ROP decreases as Nthr decreases below the475

mean value of Na.476

Proposition 3: For a targeted transmission rate r, the out-477

age probability Pout of D is given by478

Pout =
1
2

[
1 + erf

(
ln(r̄) − μ√

2σ̄

)]
, (13)479

where r̄ = 2r−1
Lρ , μ = a1N

b1 + c1, σ̄ = a2N
b2 + c2,480

and erf(·) is the error function. Considering the spatial481

correlation between RIS elements with inter-element separa-482

tion of λ
8 , we have (a1, a2) = (−533.1, 2.928), (b1, b2) =483

(−0.003336,−0.1783), and (c1, c2) = (532.3,−0.6076).484

On the other side, ignoring spatial correlation due to inter-485

element separation much larger than λ
2 [37], we have486

(a1, a2) = (39.59, 1.725), (b1, b2) = (0.03871,−0.3917), and487

(c1, c2) = (−40.54,−0.0354).488

Proof: Considering a targeted transmission rate r then,489

the outage probability is given as490

Pout = P (log2(1 + SNR) < r), (14)491

from (3), we obtain492

Pout = P

(
H̄ <

2r − 1
Lρ

)
493

= FH̄

(
2r − 1
Lρ

)
, (15)494

where FH̄ is the CDF of H̄ . Note that the S-RIS-D495

channel coefficients hn∗gn∗ , n∗ ∈ {1, . . . , Na} are corre-496

lated through their phases Π(Zn∗), where max
n∗ (Π(Zn∗)) ≤497

max(Π(c1),Π(c2)) and min
n∗ (Π(Zn∗)) ≥ min(Π(c1),Π(c2)),498

as demonstrated in the proof of Proposition 1. Accordingly, the499

terms of the sum of H̄ are non-independent, where each term is500

a product of two Gaussian RVs. Consequently, it is challenging501

to analytically derive the distribution of H̄ . Therefore, we use502

the Distribution Fitting Tool in MATLAB3 to fit the distri-503

bution of H̄ and, accordingly, obtain the outage probability,504

which is the CDF of H̄ . Fig. 2(a) shows that the distribution505

of H̄ , with/without spatial correlation, perfectly matches the506

one of the log-normal RV with μ and σ̄ are the mean and507

standard deviation of ln(H̄), respectively, ln(H̄) ∼ N (μ, σ̄2).508

3Note that this tool uses a maximum likelihood estimator to estimate the
assumed distribution’s parameters, and the quality of the distribution fit can
be measured by the standard error for the estimated parameters and the shape
match of the PDFs.

Consequently, we obtain the outage probability as the CDF 509

of H̄ , as given in (13). Furthermore, using the Curve Fitter 510

tool in MATLAB, a semi-analytical representation is obtained 511

for μ and σ̄ as functions of N ∈ {10, 500}, where the fitting 512

parameters are given after (13). 513

Proposition 3 shows that the outage probability decreases as 514

ρ and/or N increases. In particular, it can be readily verified 515

that, for N ∈ {10, 500}, we have μ, σ̄ > 0, regardless 516

of the spatial correlation assumption. Thus, considering the 517

asymptotic behavior with respect to ρ, as ρ → ∞ (r̄ → 0), 518

we obtain erf( ln(r̄)−μ√
2σ̄

) → −1 and Pout → 0. Likewise, 519

considering the asymptotic behavior with respect to N , note 520

that as N → 500 we have μ → 10, σ̄ → 0.36, accordingly, 521

it can be readily shown that for r < log2(Lρe8.5+1), we have 522

erf( ln(r̄)−μ√
2σ̄

) → −1, and Pout → 0. 523

Proposition 4: The ergodic rate ofD can be upper-bounded 524

as 525

R ≤ log2(1 + Lρ exp(μ+
σ̄2

2
)). (16) 526

Proof: The ergodic rate of D is given by 527

R = E[log2(1 + SNR)], (17) 528

by considering the concavity of the function in (17), we use 529

Jensen’s inequality to obtain 530

R ≤ log2(1 + E[SNR]), 531

= log2(1 + Lρ exp(μ+
σ̄2

2
)), (18) 532

where, from (3), we have E[SNR] = LρE[H̄ ], furthermore, 533

from the proof of Proposition 3, we have H̄ has log-normal 534

distribution with a mean E[H̄] = exp(μ+ σ̄2

2 ). Here, we con- 535

sider the same semi-analytical representation for μ and σ̄ given 536

after (13). 537

Note that, from the semi-analytical representation for μ 538

and σ̄ given in the proof of Proposition 3, it can be readily 539

verified that μ, σ̄ > 0 and the sum μ+ σ̄2

2 increases with N , 540

regardless of the spatial correlation assumption. This shows 541

that the ergodic rate is an increasing function in N . 542

Proposition 5: An instantaneous SNR in order of O(N2) 543

can be achieved by Algorithm 1 with a complexity level 544

of O(N). 545

Proof: See Appendix C. 546

Proposition 5 shows that the proposed phase shift-free PB 547

scheme preserves the quadratic growth behavior of the beam- 548

forming gain associated with the classical phase shift-based 549

one, see Fig. 2(b). This can be explained as follows. Note 550

that, although the signals reflected from the RIS (according to 551

Algorithm 1) cannot be coherently combined, yet, the overall 552

amplitude of their sum still linearly grows with the number 553

of activated elements Na. Also, by noting that Na grows 554

with N , the overall S-RIS-D channel gain (H̄) and, thus, the 555

SNR grows quadratically with the RIS size N . Furthermore, 556

contrary to the classical phase shift-based PB, the proposed 557

PB scheme preserves the full power of the reflected signals at 558

the expense of perfectly aligning them. This trade-off, between 559

fully reflecting the signals and perfectly aligning them, gives 560

the superiority to the proposed scheme over the classical one 561

under phase error conditions, where the perfect alignment is 562

inherently impossible. 563
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Fig. 3. (a) The activation probability and (b) the joint CDF Fθ∗,Zn (0, 0),
both versus N .

IV. SIMULATION RESULTS564

This section presents comprehensive computer simulations565

to examine the performance of both the proposed and bench-566

mark schemes under different system settings. In particular,567

we consider the system performance under phase errors and/or568

spatial correlation. The adopted RIS size is N = 40, where569

each element has a width dH and a length dV , and we used570

the spatial correlation model presented in [37]. Note that,571

by default, no spatial correlation or phase errors are assumed572

in our simulations unless otherwise stated. We consider two573

different benchmark schemes; first, the classical PB (labeled574

with classical PB), where the applied phase shift on each575

RIS element is meant to remove the S-RIS-D channel phase576

associated with that element. Second, the reflection phase577

selection algorithm (RPSA), which is proposed in [20] to578

mitigate the reflection phase and amplitude correlation issue,579

is considered. Note that, for the benchmark schemes, the580

reflection phase and amplitude are correlated through (2) [16].581

Also, for the benchmark schemes, two phase shift levels are582

adopted (0 and π) for a fair comparison with the proposed583

scheme that uses one control bit for the on/off adjustment of584

each RIS element. The RIS-D distance is rD = 10 m, and the585

S-RIS distance is given by rS = �Nλ2 � [4] to ensure that the586

RIS is in the far-field region of S, where λ is the wavelength587

associated with the operating frequency (1.8 GHz). The overall588

S-RIS-D path loss is given by (L)−1 = λ4/(256π2r2Sr
2
D) [38],589

and the noise level is chosen to be σ2 = −90 dBm.590

Note that, considering the RPSA algorithm, it should591

be noted that both the RPSA and the proposed Algorithm592

1 achieve the quadratic growth of the SNR with N and593

requires the same complexity level, O(N). Furthermore, in all594

of the provided simulations, the proposed scheme activates,595

on average, around 60% of the RIS elements, while, as stated596

by Proposition 1, the asymptotic number of activated RIS597

elements is Na = N/2. This effectively reduces the unavoid-598

able EMI associated with each RIS element [39]. Furthermore,599

for autonomous RISs [40], the energy consumption associated600

with the control circuit of the RIS becomes critical. In this601

regard, our proposed scheme can save more than 50% of the602

operating energy through the off-state elements. Also, using603

the energy harvesting strategy provided in [40], the off-state604

elements can be used as energy harvesters. In light of these,605

the proposed phase shift-free PB scheme makes the use of606

the RIS more energy-efficient with less reflection to the EMI607

interference compared to the benchmark schemes.608

In Figs. 3(a) and (b), we verify Proposition 1 and609

Lemma 3, respectively. In particular, in Fig. 3(a), the activation610

Fig. 4. Performance, with/without spatial correlation and with different N
values, of (a) outage probability with r = 1 bit per channel use (bpcu), and
(b) ergodic rate.

probability Pa converges to the asymptotic value (0.5) as N 611

increases. In Fig. 3(b), without loss of generality, we evaluate 612

the joint CDF of θ∗ and Zñ at the point (θ = 0, z = 0), 613

where it can be seen that, asymptotically, the product of the 614

individual CDFs converges to the joint CDF. 615

Fig. 4(a) shows the outage probability (OP) performance 616

with different N values, where increasing the RIS size 617

improves the performance effectively. Furthermore, Fig. 4(a) 618

verifies Proposition 3, where the theoretical curves converge 619

to those obtained through simulations as N increases, with a 620

perfect match at N = 200. Furthermore, it can be seen that the 621

OP performance deteriorates under spatial correlation due to 622

the lack of diversity. Likewise, Fig. 4(b) verifies Proposition 4, 623

where the theoretical upper bound is shown to be tight and has 624

a close match to the exact one. Furthermore, the ergodic rate is 625

shown to be an increasing function in N , with, notably, higher 626

performance under spatial correlation, which can be explained 627

as follows. Under spatial correlation, the 2D vectors (S-RIS-D 628

channel coefficients) are more concentrated in a specific direc- 629

tion (angle), which increases the number of vectors within 630

the activation window, Na. Consequently, as Na increases 631

SNR quadratically increases as stated in Proposition 5, which 632

leads to a better performance in the ergodic rate. Note that, 633

in Fig. 4(b), in order to show the effect of increasing N only, 634

we ignore the distance effect by obtaining rs for N = 50 and 635

use it for the other values of N . 636

In Figs. 5(a) and (b), we show the outage probability 637

performance with/without phase error and spatial correlation 638

effects, as follows. In Fig. 5(a), it can be seen that the 639

proposed scheme achieves a 2 dB gain in the required P 640

compared to the classical PB, while it is slightly better than 641

RPSA. In Fig. 5(b), we show the combined effect of spatial 642

correlation and phase errors, where the proposed scheme 643

achieves around 5 dB performance gain in the required P 644

compared to both benchmark schemes. 645

In Figs. 6(a) and (b), we show the ergodic rate performance 646

for all schemes with/without phase errors and spatial corre- 647

lation effects, as follows. In Fig. 6(a), all schemes achieve 648

almost the same performance, where neither phase errors or 649

spatial correlation is considered. In Fig. 6(b), the combined 650

effect of spatial correlation and phase errors is shown, where 651

the proposed scheme achieves a remarkable performance gain 652

of almost 5 dB in the required P compared to the benchmark 653
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Fig. 5. Outage probability performance with (a) no phase errors, no spatial
correlation, and r = 2 bpcu, (b) spatial correlation (dH = dV = d =
λ/8) [11], [41], [42], phase errors (κ = 0) [23], [43], and r = 0.5 bpcu.

Fig. 6. Ergodic rate performance with (a) no spatial correlation and no
phase errors, (b) spatial correlation (dH = dV = d = λ/8) and phase errors
(κ = 0).

schemes. It is worth noting that, as shown in Fig. 5(b)654

and Fig. 6(b), unlike the proposed scheme, both benchmark655

schemes suffer under high spatial correlation and phase errors.656

In particular, the observed behavior of the classical PB under657

phase errors is reported in [23], where it is shown that the658

classical phase shift design (removing the channel phases) may659

lead to the blind PB scenario, especially when the level of660

phase errors is high (κ = 0). Also, it is reported in [24] that661

classical phase shift design under spatial correlation leads to a662

worse performance compared to other phase shift techniques.663

Finally, we verify Proposition 2 in Figs. 7(a) and (b), where664

Pa = 0.5 is the asymptotic value of the activation probability665

obtained from Proposition 1, while the other values, Pa =666

0.542 and 0.5058, are obtained through simulations for N =667

100 and 5000, respectively. It can be seen that the upper bound668

curve ROPU gets closer to the simulation curve when using669

the value of Pa obtained through simulations. This is due670

to the convergence of Pa and the approximation of ROPU671

in Proposition 1 and 2, respectively, requires that N → ∞.672

Furthermore, it can be noted that the probability that Na is673

within ±2% of its mean value increases with N , where it is674

0.121 and 0.9102 for N = 100 and 5000, respectively.675

V. CONCLUSION676

This study has proposed a low-complexity and novel phase677

shift-free PB scheme to avoid the hardware implementation678

Fig. 7. ROP performance with (a) N = 100, (b) N = 5000.

and performance degradation issues associated with the clas- 679

sical phase shift-based PB. The proposed PB scheme requires 680

a complexity level linear in N and achieves the same scaling 681

law for the SNR (quadratic growth with N ) as in the classical 682

phase shift-based PB. Computer simulations show that the 683

proposed PB scheme is superior to the considered benchmark 684

schemes (including the classical PB scheme) in terms of the 685

outage probability and ergodic rate performance. Furthermore, 686

the proposed PB scheme exhibits far less sensitivity to prac- 687

tical system settings, such as the spatial correlation between 688

RIS elements and the phase errors. To conclude, extending 689

the proposed PB scheme to the multiple-input multiple-output 690

systems is an appealing future research direction. 691

APPENDIX A 692

PROOF OF LEMMA 3 693

First, it can be noted that the RVs θ∗, Z1, . . . , ZN can- 694

not be mutually independent, where, from (6), θ∗ is a 695

function of Z1, . . . , ZN . Second, note that h1, . . . , hN and 696

g1, . . . , gN , by our definition of the S-RIS and RIS-D channels, 697

are mutually independent, which means that the products 698

h1g1, . . . , hNgN are also mutually independent. Consequently, 699

we conclude that the angles Z1, . . . , ZN associated with 700

the products are also mutually independent, thus, pairwise 701

independent. In light of these, we need to show that θ∗ and 702

Zn are asymptotically independent (for any given n) to obtain 703

the desired result; θ∗, Z1, . . . , ZN are pairwise independent. 704

Note that the summation in (6) can be rewritten as a 705

weighted sum of two unit vectors, 706

θ∗ = arg

(
N∑
n=1

wne
jZn

)
707

= arg(wN−1e
jZ̄N−1 + wñe

jZñ), for ñ 
= n, (19) 708

where ejZ̄N−1 and ejZñ are 2D unit vectors, wN−1 and wñ are 709

the wights associated with them, respectively. Here, wN−1 = 710

|∑N−1
n=1 hngn|, wñ = |hñgñ|, Z̄N−1 = arg(

∑N−1
n=1 hngn), and 711

Zñ = arg(hñgñ). Note that the pairs (wN−1, Z̄N−1) and 712

(wñ, Zñ) are independent RVs, and ñ denotes the index of 713

any particular RIS element. In what follows, we show the 714

asymptotic independence of θ∗ and Zñ by showing that wñ � 715

wN−1 as N → ∞, which means that, asymptotically, the 716

direction Zñ has a trivial effect on the dominant direction θ∗. 717
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Fig. 8. Fitting the distribution of w̄ to the generalized extreme value
distribution.

This can be shown by evaluating the following limit,718

L = lim
N→∞

P (wN−1 > twñ)719

= lim
N→∞

P (wN−1 − twñ > 0)720

= lim
N→∞

1 − Fw̄(0), (20)721

where t > 1, w̄ = wN−1 − twñ, and Fw̄(0) is the CDF722

of w̄ evaluated at zero. Note that, as N → ∞, the sum723 ∑N−1
n=1 hngn converges in distribution to complex Gaussian724

and thus, wN−1 is a Rayleigh RV. However, it is challenging725

to derive the PDF associated with the distribution of w̄, where726

it corresponds to the difference of a Rayleigh RV and the727

products of two other Rayleigh RVs. Therefore, we use the728

Distribution Fitting Tool in MATLAB to fit the distribution of729

w̄ and then obtain its CDF at zero. As shown in Fig. 8, the730

generalized extreme value (GEV) distribution closely matches731

the distribution of w̄, with N = 105 and the scale, location,732

and shape parameters are k = −0.0717, σ = 124.464, and733

μ = 207.635, respectively, and without loss of generality,734

t = 10. Finally, by evaluating the CDF of the GEV RV with735

the obtained fitting parameters, we get Fw̄(0) = 0.008 and736

L = 0.992. This shows that the weight wñ � wN−1 as737

N → ∞, where the dominant direction θ∗ does not depend738

on a specific direction Zñ, but, on the combination of all N739

directions. Finally, we obtain that θ∗, Z1, . . . , ZN are pairwise740

independent RVs, which completes the proof. �741

APPENDIX B742

PROOF OF PROPOSITION 1743

Note that, for the given nth element, its activation proba-744

bility has the minimum value when θ∗ is independent of Zn,745

which occurs at the asymptotic range when N → ∞ according746

to Lemma 3. In contrary to this, the activation probability is747

higher for smaller N values; for example, it can be readily748

verified from (6) that the activation probability for N = 1 is749

always one. In what follows, we show that the asymptotic750

value of the activation probability is 0.5, which corresponds751

to the minimum value as decried earlier.752

Note that the nth RIS element is activated (ηn = 1)753

according to Algorithm 1 when the phase Zn associated with754

its channel coefficient (hngn) lies in the valid (activation)755

regionR, which is specified by the endpoints Π(c1) and Π(c2),756

as shown in Fig. 9. It can be also noted form Figs. 9(a)-(b)757

that, depending on the value of Π(θ∗), the endpoints Π(c1) and758

Π(c2) of R switch their positions. Therefore, in what follows,759

Fig. 9. Valid (activation) region, shown with dash lines, for the
case (a) Π(c1) ≥ Π(c2) (b) Π(c1) ≤ Π(c2).

we calculate the activation probability by considering the two 760

cases shown in Figs. 9(a)-(b), separately. 761

Let PΠ(c1)≥Π(c2) and PΠ(c1)≤Π(c2) denote the activation 762

probability for the first and second cases shown in Figs. 9(a) 763

and (b), respectively, then we have 764

PΠ(c1)≥Π(c2) = P (Π(Zn) ∈ [Π(c2),Π(c1)],Π(c1) ≥ Π(c2)), 765

(21) 766

PΠ(c1)≤Π(c2) = P (Π(Zn) ∈ [Π(c1),Π(c2)],Π(c1) ≤ Π(c2)), 767

(22) 768

consequently, using the total probability law, we obtain 769

Pa = PΠ(c1)≥Π(c2) + PΠ(c1)≤Π(c2). (23) 770

In order to calculate PΠ(c1)≥Π(c2), we note that, as shown 771

in Fig. 9(a), the activation region R = R1 ∪ R2, where 772

R1 and R2 are the two disjoint regions specified by the pairs 773

of endpoints [Π(c1), 0] and [0,Π(c2)], respectively. Hence, 774

we obtain 775

PΠ(c1)≥Π(c2) = P (Π(Zn) ≥ Π(c1)) + P (Π(Zn) ≤ Π(c2)). 776

(24) 777

In order to calculate P (Π(Zn) ≥ Π(c1)), we note that 778

when Π(c1) ≥ Π(c2), we have θ∗ in one of the two intervals 779

[−π
2 , 0] or [0, π2 ]. On the other side, from Lemma 1, Zn lies 780

in one of the two intervals [−2π, 0] or [0, 2π]. Also note 781

that, according to (8), ±2π is added whenever Zn and/or 782

θ∗ ± π
2 is out of the natural range of the angle, [0, 2π). 783

In light of these, by considering the four different combi- 784

nations of the two intervals associated with θ∗ and Zn, we 785

obtain 786

P (Π(Zn) ≥ Π(c1)) = PA1 + PA2 + PA3 + PA4. (25) 787

We define the probabilities PAi as follows for i ∈ {1, . . . , 4}: 788

PA1 = P (Zn ≥ θ∗ − π

2
+ 2π, θ∗ ∈ [−π

2
, 0], Zn ∈ [0, 2π]) 789

=
∫ 0

−π
2

∫ 2π

θ+ 3π
2

fZn,θ∗(z, θ)dzdθ, (26) 790

by considering Lemma 3, as N → ∞, we have 791

PA1 =
∫ 0

−π
2

∫ 2π

θ+ 3π
2

fZn(z)fθ∗(θ)dzdθ 792

=
∫ 0

−π
2

∫ 2π

θ+ 3π
2

(−z + 2π
4π2

)(
1
2π

)
dzdθ = 0.0182, 793

(27) 794

in the same way, we obtain 795

PA2 = P (Zn ≥ θ∗ − π

2
+ 2π, θ∗ ∈ [0,

π

2
], Zn ∈ [0, 2π]) 796

=
∫ π

2

0

∫ 2π

θ+ 3π
2

(−z + 2π
4π2

)(
1
2π

)
dzdθ = 0.0026, (28) 797
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PA3 = P (Zn + 2π ≥ θ∗ − π

2
+ 2π,798

θ∗ ∈ [−π
2
, 0], Zn ∈ [−2π, 0])799

=
∫ 0

−π
2

∫ 0

θ−π
2

(
z + 2π
4π2

)(
1
2π

)
dzdθ = 0.0755, (29)800

PA4 = P (Zn + 2π ≥ θ∗ − π

2
+ 2π,801

θ∗ ∈ [0,
π

2
], Zn ∈ [−2π, 0])802

=
∫ π

2

0

∫ 0

θ−π
2

(
z + 2π
4π2

)(
1
2π

)
dzdθ = 0.0286, (30)803

thus, from (25), we obtain P (Π(Zn) ≥ Π(c1)) = 0.125.804

For P (Π(Zn) ≤ Π(c2)), by following the same steps above,805

we have806

P (Π(Zn) ≤ Π(c2))807

=
∫ 0

−π
2

∫ θ+π
2

0

f̃(z)dzdθ +
∫ π

2

0

∫ θ+π
2

0

f̃(z)dzdθ808

+
∫ 0

−π
2

∫ θ− 3π
2

−2π

f ′(z)dzdθ+
∫ π

2

0

∫ θ− 3π
2

−2π

f ′(z)dzdθ809

= 0.125, (31)810

where, f ′(z) = ( z+2π
4π2 )( 1

2π ) = z+2π
8π3 and f̃(z) =811

(−z+2π
4π2 )( 1

2π ) = −z+2π
8π3 . Finally, from (24), we have812

PΠ(c1)≥Π(c2) = 0.25.813

In order to calculate PΠ(c1)≤Π(c2), we note that there is814

only one activation (valid) region denoted by R, as shown in815

Fig. 9(b). Therefore, the activation probability can be given as816

PΠ(c1)≤Π(c2)817

= P (Π(Zn) ∈ [Π(c1),Π(c2)])818

= P (Π(Zn) ≤ Π(c2)) − P (Π(Zn) ≤ Π(c1)), (32)819

where, following the same procedure to compute (25), we cal-820

culate P (Π(Zn) ≤ Π(c1)) as follows:821

P (Π(Zn) ≤ Π(c1))822

=
∫ π

π
2

∫ θ−π
2

0

f̃(z)dzdθ +
∫ π

π
2

∫ θ− 5π
2

−2π

f ′(z)dzdθ823

+
∫ −π

2

−π

∫ θ+ 3π
2

0

f̃(z)dzdθ+
∫ −π

2

−π

∫ θ−π
2

−2π

f ′(z)dzdθ824

= 0.125, (33)825

and,826

P (Π(Zn) ≤ Π(c2))827

=
∫ π

π
2

∫ θ+π
2

0

f̃(z)dzdθ +
∫ π

π
2

∫ θ− 3π
2

−2π

f ′(z)dzdθ828

+
∫ −π

2

−π

∫ θ+ 5π
2

0

f̃(z)dzdθ +
∫ −π

2

−π

∫ θ+π
2

−2π

f ′(z)dzdθ829

= 0.3750, (34)830

thus from (32), we obtain PΠ(c1)≤Π(c2) = 0.375 − 0.125 =831

0.25. Finally, from (23), we obtain Pa = 0.25 + 0.25 =832

0.5, which corresponds to the minimum activation probability833

as described before, therefore, we obtain Pa ≥ 0.5. This834

completes the proof. �835

APPENDIX C 836

PROOF OF PROPOSITION 5 837

Note that, from Corollary 1, Na increases linearly with N 838

in a probabilistic manner. In what follows, we show that the 839

SNR has a quadratic growth with Na and thus, with N . 840

Let An∗ = hn∗gn∗ denote the n∗th term of the sum 841

associated with the SNR in (3), which corresponds to a 842

2D vector in the complex plane. Consider the length asso- 843

ciated with the sum of two given vectors |Añ∗ + An∗ | = 844√
|Añ∗ |2 + |An∗ |2 + 2|Añ∗ ||An∗ | cos(Z̄n∗) = d∗n, where 845

n∗, ñ∗ ∈ {1, . . . , Na}, n∗ 
= ñ∗, denote the indices of a pair 846

of two activated vectors and Z̄n∗ = | arg(An∗)−arg(Añ∗)| is 847

the angle between them. Considering the worst-case separation 848

scenario of two non-zero length vectors where π/2 < Z̄n∗ ≤ 849

π, then we obtain d∗n ≤ min(|Añ∗ |, |An∗ |)) with dn → 0 as 850

Z̄n∗ → π and ||Añ∗ | − |An∗ || → 0. We generalize the 851

previous case on all vectors, that is, let Na be an even number, 852

and the activated vectors can be grouped into Na/2 pairs 853

of two vectors such that |An∗ | = |Añ∗ | = A > 0, Z̄n∗ = 854

π − δ, ∀n∗, ñ∗ ∈ {1, . . . , Na}, where δ is an arbitrarily small 855

positive number. Furthermore, without loss of generality, let 856

each pair of vectors be symmetric around the real axis (zero 857

phase), and the vectors on either side of the axis lie on 858

top of each other. Note that this distribution of the vectors 859

corresponds to the worst-case scenario, where, as δ → 0, the 860

amplitude of the sum of all vectors converges to zero. In light 861

of these, we get |∑Na

n∗=1An∗ | = |∑Na

n∗=1 �{An∗}| > 0, 862

where �{An∗} denotes the real part of An∗ , furthermore, all 863

the terms of the sum have the same sign. This shows that 864

|∑Na

n∗=1An∗ | grows in an order of Na, which also implies the 865

linear growth with N , and, consequently, the SNR in (3) grows 866

in an order of N2. Furthermore, from Algorithm 1, it can be 867

seen that the search loop cannot exceed 2N iterations, thus; 868

a complexity level of O(N) is obtained. This completes the 869

proof. � 870
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